the Riccati equation, by means of the substitution u = exp (jv dt). We now observe that the Riccati equation may be written in the form '2 v' = Min [q2 + 2qv(t) -a(t)v -b(t) l,(5.2) Q an equation of the above general type. This representation furnishes a new approach to the study of the solutions of equation (5.1). There are several other classes of equations of both analytic and physical interest to which this quasilinearization may be applied. This will be discussed elsewhere. We assume that V4 is stationary, as there defined, and this implies that V4 is the topological product of V3 with R: (-co < t < cX) and that on V3 the line element (1) induces certain data which on V3 are linked by the relation t= -R + -t3H2 (2) with which we will be concerned exclusively. Underlying it is a positive-definite Riemannian metric, 3 i, j g dx dx (3) which is induced by expression (1). The quantity t is a scalar function which is positive throughout, VOL. 41, 1955 485 
In the notation of the recent book of A. Lichnerowiczl we take a V4 with an everywhere regular hyperbolic local line element which, somewhat differently from the book, we denote by 3 * E ga~~~~~~dxc dx". (1 a,=0 We assume that V4 is stationary, as there defined, and this implies that V4 is the topological product of V3 with R: (-co < t < cX) and that on V3 the line element (1) induces certain data which on V3 are linked by the relation t= -R + -t3H2 (2) with which we will be concerned exclusively. Underlying it is a positive-definite Riemannian metric,
and At is the Laplacean giJ ,j, j; R is another scalar, which is denoted in Lichnerowviez with indices because it is induced by the Ricci tensor Rf,, pertaining to expression (1) and which is such that, if
Rag 0 throughout, then also R 0= (5) thoughout; and, finally,
where Hij is a certain skew tensor.
Definition 1: We will say that V4 is empty if on V3 we have H=0, = const.,
and we will say that it is semi-empty if only
Remark 1: The space is empty if and only if expression (1) is locally Euclidean, but this will not concern us. Also, relation (2), always on a V3, also occurs in some field theories with suitable interpretation of the symbols, whether the theory be based on a V4 or on Vk, k > 5, and relation (7) In what follows, we are assuming that V3 is C2, g9j is C1, t is C2, R is CO, and Hij is Co.
Important criteria for the occurrence of relation (7), or perhaps only (8), are due to, among others,' Levi-Civita, R. Serini, Ch. Racine, Lichnerowicz, Einstein and Pauli, and Yvonne Foures and Lichnerowicz (for a recent result in a related but different direction see a paper by A. H. Taub ), and it is the purpose of the present paper to comment on one of these criteria by way of a generalization. The generalization as such has been given before3 in our work on "Curvature and Betti numbers" but will be restated for the present context. 
then V4 is semi-empty, an4d equality holds: -fiv3 t dv = 0. .
(ii) If, more precisely,
then V4 is empty, and, in fact, equation (5) fV3 At dv = 0,
and relations (6), (9), (12), and (13) imply (8) and (10) as claimed. If, more precisely, relation (11) holds, then (2) implies At > 0, and the desired conclusion 4 = const. follows now either from the formula4 fv3 ( + C) At dv = -ff3 v.j t,>, dv (14) or from the following local theorem due to E. Hopf.
LEMMA. In a co-ordinate neighborhood V, if a function t(P) of class C2 satisfies the inequality At > 0 and if there is a fixed point PO in V such that t(P) < t(PO) everywhere in V, then we must have t(P) = t(PO) everywhere in V.
We are now turning to comment on Theorem 1, in case V3 is not (necessarily) compact.
Assumption 1: There is given on V3 a group r: (y) of one-to-one continuous transformations (with fixed points, perhaps) having the following property. There exists a compact set SO in V3 such that, corresponding to any point PO in V3, there is an element y0 in F such that the transformed point .yOPO lies in SO.
Definition 2: Let f(P) be a continuous function on V3, either a scalar or, more generally, any tensor density. We call it "almost periodic" (or almost automorphic), relative to the given group F, if every infinite sequence of elements 1Yn4 in F contains an infinite subsequence ( Ynp} 4 p = 1, 2, . . . . having the following property. Corresponiding to any point, there is a co-ordinate neighborhood in which the sequence of functiotis f(-yplP) converges uniformly in each component, and, if we denote the limit function by f*(P), then, reversely, the sequence of functions f'*(-y,-'P) converges, in the same fashion, toward the function f(P) from which we have started.
Remark 2: The italicized part of definition 2 makes it unnecessary to require that (the space V3 shall have uniform structure and that) the sequences shall converge uniformly in all of V3.
It is easily seen that sums, products, and contractions are again almost periodic and that for an almost periodic scalar t(P) the number m supp 4(P) are all almost periodic in the sense of Bohr, and if R < 0, then V4 is empty space.
An almost-periodic function f(x) on a group has a mean M{f(x)} which on E, can be evaluated as 
and dnd= 0(1),
and therefore 
then V3 is semi-empty. Remark 3: If in Theorems 3 or 4 the line element (3) is not global but only local, then we must assume that functions (16) are almost periodic in the sense of Bohr, and the conclusions remain in force. For Theorem 3 this is a direct consequence of Theorem 2, and for Theorem 4 this follows from the fact that, if we put &.dv = AtVa dxldx2 dXS, then the integrand is almost periodic in the sense of Bohr, and similarly for the other integrands in equation (21).
A meaningful extension of Theorem 4 to a V3 with a general group r is not easy to obtain; but we will make a statement, a somewhat technical one, for the case in which the topological quotient V3/r is itself a (compact) manifold, which we will denote by U3. In this case the group r is countable, and we enumerate its elements as a sequence yO, yl, y22 ... , in which y0 is the identity, and we decompose V3 into a sequence of disjoint "fundamental domains" UO, U', U2, ... , which are such that ly transforms UO into Un. 
and we note that for any function f(P) on V3 we have
Now, the integrand on the right side is the product of dxl dx2 dx3 with f(-y"P) (g(7mP))l/2, and, if the last function is almost periodic in our sense, then it is almost periodic on r in the sense of von Neumann, uniformly for P in UO. Such a function has, again, an almost periodic mean Ml }, again with property (22), and equation (24) 41, 1955 This theorem is useless unless equation (27) M{f(P)} = lim -T fE(ymp) (28) n---co Tn n=l uniformly for P in U0. Also, the union of sets Tn E um m=0 constitutes a piece of space whose actual boundary consists of several sufficiently smooth surfaces whose two-dimensional induced surface area is o(Tn) as n -a 0.
Remark 4: Finally, we note that, with the aid of the mean (27), we may even obtain the statement on emptiness itself without requiring almost-periodicity at all. Assume that for a certain mean (28) we may go over from equation (25) 
